We experimentally implement the Harper Hamiltonian for neutral particles in optical lattices using laser-assisted tunneling and a potential energy gradient provided by gravity or magnetic field gradients. This Hamiltonian describes the motion of charged particles in strong magnetic fields. Laser-assisted tunneling processes are characterized by studying the expansion of the atoms in the lattice. The band structure of this Hamiltonian should display Hofstadter's butterfly. For fermions, this scheme should realize the quantum Hall effect and chiral edge states. [5, 6] , fractional Chern insulators [7, 8] , and Majorana fermions [9, 10] . At high magnetic fields, exotic new phenomena like the fractal energy spectrum of Hofstadter's butterfly [11] are predicted to emerge. Its direct observation would require an inaccessibly high magnetic field of one flux quantum per unit cell -corresponding to ∼ 10, 000 Tesla in a traditional condensed matter system. Recently, some aspects of Hofstadter's butterfly were addressed using superlattices in high magnetic fields [12] [13] [14] [15] .
Neutral atoms provide an excellent platform to simulate the physics of charged particles in magnetic fields free from disorder. Rotating quantum gases realize the limit of weak magnetic fields, exploiting the equivalence between the Lorentz force and Coriolis force. The observed vortex lattices [16, 17] are analogous to magnetic flux lattices. A more general method to create synthetic magnetic fields for neutral atoms is based on the insight that vector potentials introduce spatially-varying phases φ into the wavefunction when the particle propagates, φ = A · ds/h, where the charge is included in the vector potential. For neutral atoms, such phase structure can be realized through Berry phases, when two hyperfine states of the atom are coupled by Raman lasers with inhomogeneous intensity or detuning [18, 19] . This concept of coupling of two or several internal states to realize synthetic magnetic fields was also suggested in optical lattice geometries [20] [21] [22] . Here the crucial element is laser-assisted hopping between neighboring sites which imprints the phase of the laser into the atomic wavefunction. Alternatively, instead of using Raman laser beams, lattice modulation techniques can generate complex tunneling matrix elements in optical lattices [23, 24] . Experimentally, these techniques have been used so far only to realize staggered magnetic fields [24, 25] . In the Munich experiment, the two internal states in the proposed schemes [20, 22] were replaced by doubling the unit cell of the optical lattice using superlattices [25] .
So far, all proposals for generating high magnetic fields are based on the coupling of different internal states. For alkali atoms, this involves different hyperfine states [20] . Spin flips between such states requires near-resonant light which heats up the sample by spontaneous emission. At least for staggered fluxes, the realizations with lattice shaking and superlattices demonstrates that internal structure of the atom is not essential. Here we suggest and implement a scheme which realizes the Harper Hamiltonian [26] , a lattice model for charged particles in magnetic fields, the spectrum of which is the famous Hofstadter's butterfly [11] . Our scheme requires only far-off resonant lasers and a single internal state. It is an extension of a scheme suggested by Kolovsky [27] , which was shown to be limited to inhomogeneous fields [28] , but as we show here an additional momentum transfer in the laser-assisted hopping process provides a simple solution. While this work was in progress [29] , an identical scheme was proposed by the Munich group [30] . In this paper, we describe the features and implementation of this scheme, and characterize the laser-assisted hopping process.
We start with the simple Hamiltonian for noninteracting particles in a 2D cubic lattice,
where J x(y) describes tunneling in the x-(y-)direction and a † m,n (â m,n ) is the creation (annihilation) operator of a particle at lattice site (m, n). Brackets indicate summation over only nearest-neighbor sites. Tunneling in the x-direction is then suppressed by a linear tilt of energy ∆ per lattice site, where ∆/h is the Bloch oscillation frequency. This tilt can be created with magnetic field gradients, gravity, or an AC Stark shift gradient. Resonant tunneling is restored with two far-detuned Raman beams of two-photon Rabi frequency Ω, frequency detuning δω = ω 1 − ω 2 , and momentum transfer δk = k 1 − k 2 , as shown in Figure 1a . Note that the two Raman beams couple different sites, but do not change the internal state of the atoms. For resonant tunneling, δω = ∆/h, timeaveraging over rapidly oscillating terms [20] yields an effective Hamiltonian which is time-independent. As a result, the tilt has disappeared because, in the dressed atom picture, site (m, n) with j and k photons in the two Raman beams is degenerate with site (m + 1, n) and j + 1 and k − 1 photons in the two beams. This effective Hamiltonian describes the system well assuming that ∆ is larger than the bandwidth, ∼J, and smaller than the bandgap, E Gap . The resulting Hamiltonian is equivalent to one that describes charged particles on a lattice in a magnetic field under the tight-binding approximation [11, 26] -the single-band Harper Hamiltonian:
(2) with spatially-varying phase, φ m,n = δk · R m,n = mφ x + nφ y . Solutions in this model are periodic with respect to the number of flux quanta per unit cell, α. If the frequency of the Raman beams are similar to those used for the optical lattice, one can tune α over the full range between zero and one by adjusting the angle between the Raman beams, and consequently k y . A similar Hamiltonian can be realized for the tunneling of phonons between ion microtraps [31] .
The spatially-dependent phase imprinted by the Raman lasers, given by φ m,n , can be intuitively understood in a pertubative regime where, J = J y and:
where R m,n denotes the position of each lattice site. Adding up the accumulated phases around a closed path, one sees that this method leads to an enclosed phase of φ y = δk y a per lattice unit cell of area a 2 , thus realizing the Harper Hamiltonian with α = φ y /2π.
In a cubic lattice, the Wannier function w(r) factorizes into w(x)w(y) which are the localized Wannier-Stark and Wannier wavefunctions, respectively. The result-
shows that the momentum transfer in the x-direction is necessary to have a non-vanishing tunneling matrix element K. The x momentum transfer does not contribute to the enclosed flux (or the value of the synthetic magnetic field B), but to the vector potential A =h(k y y + k x x)/ax. Therefore, our scheme does not realize the simple Landau gauge for the magnetic field. Note that it is this momentum transfer along the x-direction that distinguishes our scheme from Refs. [20, 22, 27] , and is responsible for connecting the two orthogonal Wannier states in the x-direction without changing the internal state.
For a more comprehensive description, we add the moving lattice -V RM = Ω sin(δk·r−ωt) -of the two Raman lasers along with a linear tilt to the Hamiltonian in Eq. 1. In addition to the off-diagonal laser-assisted tunneling term, this moving lattice causes a diagonal term, which is a temporal modulation of the on-site energies. A unitary transformation as in [29, 32] leads to a frame rotating non-uniformly in time and position that eliminates the diagonal time-dependence. For resonant drive, ∆ =hδω, the onsite energies are all equal and vanish while the remaining off-diagonal coupling has a timeindependent part leading to the Harper Hamiltonian as in Eq. 2. The resulting expressions for K and J due to the temporal modulation of the lattice and one-site wavefunction are (see supplemental information):
where Φ i0 = 0| cos(k i x i )|0 is the on-site matrix element, and Φ x1 = 0| sin(k x (x − a/2))|1 and Φ x1 = 0| cos(k x (x − a/2))|1 are the off-diagonal matrix elements. This result is more general than the case of phase modulation [32] and the tight-binding limit in [30, 33] , where K is proportional to J 1 (x). We implement the Harper Hamiltonian with each Raman laser aligned along one of the two lattice directions, x and y, corresponding to momentum transfer in both directions ofhk L -the single photon recoil of the lattice laser. The magnetic flux per unit cell resulting from k y = k L is α = 1/2. In the tight-binding limit for this momentum transfer, Φ i0 ≈ 1 and Φ x1 ≈ −2J x /∆ Φ x1 , so the resonant tunneling amplitudes resulting from k x = k L simplify to:
Experimentally, the system is prepared by starting with a Bose-Einstein condensate of ∼ 5×10 5 87 Rb atoms in the |2, −2 state in a crossed dipole trap. The Raman lasers are ramped up to their final intensities in 30 ms at a large detuning of 200 kHz, far away from any excitations of the system, and are switched to their final detuning after the tilt is applied to the system (see below). To avoid interference between the lattice and Raman lasers, they are perpendicularly polarized and frequency offset by >50 MHz using acousto-optic modulators. Next, we adiabatically load the condensate in 100 ms into a twodimensional cubic optical lattice of spacing λ latt /2 = 532 nm. For longer hold times, a weak 2 E r lattice beam along the third direction is simultaneously ramped up to provide additional confinement. Here, E r =h 2 k 2 L 2m ≈ h×2 kHz is the single photon recoil. Lattice depths are calibrated using Kapitza-Dirac scattering, and the two photon Rabi frequency of the Raman lasers is determined using free-space Rabi oscillations.
After loading the condensate into the lattice, a uniform potential energy gradient is applied by turning off the confining crossed dipole traps in 20 ms. This exposes the cloud to a linear gravitational potential (which was compensated until then by the trapping beams). Alternatively, we have successfully used a magnetic field gradient to access a broader range of tilts. The data presented here were obtained with the gravitational force which provides an offset of mga/h ≈ 1.1 kHz between adjacent lattice sites. This has the advantage over the magnetic gradient of a much faster switching time. The cloud widths, σ x and σ y are obtained by standard absorption imaging along the direction perpendicular to the 2D lattice.
The essential feature of our implementation of the Harper Hamiltonian is that tunneling in the x-direction is suppressed by a potential tilt, and reestablished by laser-assisted tunneling. This is demonstrated in Figure  2 which shows the resonance for the laser-assisted process. For this, tunneling is characterized by looking at the expansion of the cloud within the lattice. Expansion occurs since the confinement by the optical dipole trap has been switched off, and due to some heating during the 500 ms hold time. Note that for fully coherent time evolution, charged particles in a magnetic field will undergo cyclotron motion which would suppress the expansion. The resonance width of 60 Hz may have contributions from laser frequency jitter, inhomogeneous lattice potential and atomic interactions. The Lorentzian fit suggests a homogenous broadening mechanism. Fig.  2 demonstrates how the laser-assisted tunneling rate can be controlled by the lattice depth.
The dependence of K and J on the intensity of the Raman lasers (described by Bessel functions) allows tuning of the ratio of the two. For low intensities, K increases linearly with the intensity, and J decreases quadratically. The latter reflects the depletion of the unperturbed Wannier function by the modulation due to the moving Raman lattice. Fig. 3a shows experimental results in qualitative agreement with these predictions.
For a quantitative interpretation of the expansion of the cloud, we assume an incoherent diffusion process, where the square of the width σ of the expanded cloud is proportional to the tunneling rate times expansion time. For finite time, we correct for the initial size σ 0 by assuming that the expansion and initial size add in quadrature, and plot the corrected squared width σ 2 corr = σ 2 −σ 2 0 versus time. The slope is proportional to the laser-assisted tunneling rate. Absolute tunneling rates are obtained by comparing this result to the expansion of the cloud in the y-direction with the Raman beams far off resonance, when normal tunneling occurs. The ratio of the slopes is then K/J y , with J y calculated from the calibrated lattice depth to be ∼ h × 48 Hz. Figure 3b shows the time evolution of the square of the corrected size for various Raman intensities. The linear fits supports the assump- tion of incoherent diffusion and allows a determination of tunneling rates as summarized in the figure caption.
Laser-assisted tunneling is a powerful tool to manipulate the motion of atoms in optical lattices and to create novel Hamiltonians. We now describe different tunneling processes observed by a wide scan of the Raman detuning, shown in Figure 4 . A strong peak near 568 Hz fulfills the resonance condition 2δω = ∆/h for a four-photon nearest-neighbor tunneling process. This resonance is similar to the one observed in Ref. [34] by shaking the lattice. Note that the four-photon resonance is narrower (20 Hz versus 60 Hz) than the two-photon resonance, indicative of a higher-order process. Broad features at even lower frequency are most likely due to higher order tunneling resonances and low-lying excitations within the first band.
Next-nearest-neighbor tunneling occurs at δω = 2∆/h, twice the frequency of the fundamental resonance. For a shaken lattice (no Raman beams) this was studied in Ref. [35] . Analyzing the expansion of the cloud gives a tunneling rate of 0.4 ± 0.1 Hz, comparable to the next-nearest- neighbor tunneling rate in an untilted lattice, ∼ 0.8 Hz in our system. However, in an untilted lattice, next-nearest neighbor tunneling is typically hundred times slower that nearest neighbor tunneling, whereas in laser-assisted tunneling, the two processes can be independently controlled by the laser power at the two resonant frequencies. Tunneling rates below 1 Hz are too slow for pursuing manybody physics, but the same scheme can be implemented for lighter atoms such as lithium in a shorter wavelength lattice, where the relevant scale factor, the recoil energy, is increased by a factor of fifty.
After realizing and characterizing all parts of the Harper Hamiltonian, the next goal is to map out its band structure as a function of quasimomentum and magnetic field α -the Hofstadter butterfly. The ground state for a given α should be accessible by adiabatically transferring a condensate into this Hamiltonian. The ground state of the Harper Hamiltonian for α = 1/2 has a clear signature in that its magnetic unit cell is twice as large as the lattice unit cell and its wavefunction has a unit cell that is four times as large, so time of flight imaging will reveal the resulting reduction of the Brillouin zone in momen-tum space by a factor of four [25, 29, [36] [37] [38] . So far, we have not been able to preserve the low entropy of the initial condensate.
Preliminary experiments have shown that there is less heating by the Raman beams at larger frequency detunings requiring larger magnetic field gradients. Another potential source of heating is atomic interactions. Instabilities of certain quasi-momentum states in optical lattices have been studied in Refs. [39, 40] . Interactioninduced heating effects can in principle be avoided by using Feshbach resonances to tune the scattering length to zero or by using a single spin component of a fermionic gas. Once the ground state of the Harper Hamiltonian is established, different quasi-momentum states can be populated through Bloch oscillations which occur at frequency δ = δω − ∆/h, when the Raman lasers are sightly detuned from the resonance studied here.
The Harper Hamiltonian established in this work will be the starting point for many exciting explorations including the quantum Hall effect, Dirac points, and novel topological phenomena [8, 41] . Interactions between atoms may also lead to bosonic Laughlin states [42] . The lowest band is topologically non-trivial with a Chern number of one [43] and should show chiral edge states. Most importantly, our scheme is simpler and potentially more robust than other suggestions, since it does not require near resonant light for connecting hyperfine states. It can be implemented for any atom -including the workhorse fermionic atoms lithium and potassium -which have small fine structure splittings, making it impossible to couple different spin states with negligible heating by spontaneous emission.
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The phase shift of the Raman drive, k x a/2, is associated with a spatial shift for the tunneling matrix elements and a temporal shift for the on-site matrix elements making their self-consistent evaluation based on symmetry arguments easier. Using R m,n = max + naŷ for the position of the lattice sites, the relevant matrix elements can be re-written as:
To condense notation, we define: θ m,n = ωt − δk · R m,n = ωt − φ m,n , with φ m,n = mk x a + nk y a. Expanding the sin(a + b − c) form of the Raman operator into four terms one obtains the relevant matrix elements:
0| sin(k x x)|l = 0 = 0 (11)
The expressions above are evaluated using maximally localized Wannier functions in the y-direction and WannierStark wavefunctions in the x-direction. Due to the symmetric nature of the localized Wannier function [3] , all matrix elements of an antisymmetric function are zero. The Wannier-Stark wavefunctions do not have definite parity as discussed in [4] so the overlap elements must be individually evaluated. In the tight-binding limit, the tunneling term is dominated by Φ x1 ≈ −2J x sin(k x a/2)/∆. However, at lower lattice depths Φ x1 can become significant so we keep both terms. The coupling between adjacent sites in the tilted, x-direction becomes:
In addition, the Raman-coupling induces an on-site modulation given by:
Given the above form for the on-and off-diagonal terms, we arrive at an effective Hamiltonian:
− m∆ − ΩΦ x0 Φ y0 sin(θ m,n + k x a/2) |m, n m, n| . . .
. . . + ΩΦ y0 Φ x1 cos θ m,n − Φ x1 sin θ m,n |m + 1, n m, n| − J y |m, n + 1 m, n| + h.c.
The time dependence of the diagonal terms can be eliminated via a unitary transformation into a rotating frame given by:
mωt − ΩΦ x0 Φ y0 hω cos θ m,n + k x a 2 |m, n m, n| = m,n e iΛm,n |m, n m, n|
where Λ m,n = mωt − ΩΦx0Φy0 hω cos(θ m,n + k x a/2). In this frame the Hamiltonian becomes H = U † HU − ihU † (dU/dt). For the case of resonant drive wherehω = ∆, the diagonal terms are zero, leaving only off-diagonal elements for tunneling in the x-and y-directions. Considering tunneling in the x-direction first and using the full expression for θ m,n , the exponential factor is: e −i(Λm+1,n−Λm,n) = exp − i ωt − ΩΦ x0 Φ y0 hω cos ωt + k x a 2 − φ m+1,n − cos ωt + k x a 2 − φ m,n = exp − i ωt − 2ΩΦ x0 Φ y0 hω sin k x a 2 sin(ωt − φ m,n )
For tunneling in the y-direction, the transformation into the rotating frame adds the exponential factor: e −i(Λm,n+1−Λm,n) = exp i ΩΦ x0 Φ y0 hω cos(ωt + k x a 2 − φ m,n+1 ) − cos(ωt + k x a 2 − φ m,n )
If we define the quantity Γ x(y) = 2ΩΦx0Φy0 hω sin(
2 ) and use the Jacobi-Anger identity, e ix sin(θ) = r J r (x)e irθ , both above expressions can be simplified to: 
for x and y tunneling, respectively. Here, J r (Γ) are the Bessel functions of the first kind. Now the time-dependent tunneling amplitudes K(t) = m + 1, n|H |m, n and J(t) = m, n + 1|H |m, n in the rotating frame are given by:
K(t) = ΩΦ y0 Φ x1 cos(ωt − φ m,n ) − Φ x1 sin(ωt − φ m,n ) e 
